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A strong laser field and the Coulomb field of a nucleus can produce e+e− pairs. It is shown for
the first time that there is a large probability that electrons and positrons created in this process
collide after one or several oscillations of the laser field. These collisions can take place at high
energy resulting in several phenomena. The quasielastic collision e+e− → e+e− allows acceleration
of leptons in the laser field to higher energies. The inelastic collisions allow production of high
energy photons e+e− → 2γ and muons e+e− → µ+µ−. The yield of high-energy photons and
muons produced via this mechanism exceeds exponentially their production through conventional
direct creation in laser and Coulomb fields. A relation of the phenomena considered with the
antenna-mechanism of multiphoton absorption in atoms is discussed.
PACS numbers: 32.80.Wr, 12.20.-m, 12.20.Ds
Creation of e+e− pairs in a laser field has similarity
with the Schwinger mechanism of pair production by a
static electric field [1]. The e+e− production by laser
and Coulomb fields may also be compared with Ref.[2],
being sometimes called the nonlinear Bethe-Heitler pro-
cess. This mechanism of e+e− production is considered
in literature as a possible candidate for experimental
studies for a new generation of lasers [3]. Various the-
oretical aspects of this process were discussed in Refs.
[4, 5, 6, 7, 8, 9, 10, 11, 12]. A popular approach
to the problem uses Volkov wave functions for leptons
in a laser field [13], which is close to the Keldysh ap-
proximation [14] for multiphoton phenomena in atoms
[15, 16, 17, 18, 19]. The recent Ref. [12] simplified the
formalism for the e+e− production and derived several
important characteristics of the problem in simple ana-
lytical form.
The leptons e+ and e− initially created in the vicin-
ity of the nucleus, propagate out of the Coulomb center
along classical trajectories, which exhibit wiggling in the
laser field. Obviously, e+ and e− follow different trajecto-
ries. However, we will see that the wiggling can force the
leptons to collide after one or several periods of laser os-
cillations. The probability of this collision proves surpris-
ingly large. At the moment of collision the energy of the
e+e− pair can be high, which results in several interesting
phenomena. The quasielastic collision e+e− → e+e− can
make energy of a lepton higher than its initial energy.
There is also a possibility for inelastic collisions, which
result in production of high-energy particles. (The term
high-energy in this work is applied energies above the
electron mass.) This includes production of high-energy
photons via annihilation e+e− → 2γ, and production of
heavy particles, such as muons, e+e− → µ+µ−.
In the phenomena considered the e+e− pair fulfills two
major functions. First, it accumulates energy from the
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laser field, and then it transfers this energy to other high-
energy particles. This reminds closely the work of con-
ventional aerials in radio devices. Moreover, physical
reasons, which ensure effective accumulation of energy
by the e+e− pair and by aerials are very similar. In
both cases it is vital that leptons propagate large dis-
tances while exhibiting oscillations in an external elec-
tromagnetic field. This similarity makes it convenient to
think about the e+e− pair in the phenomena discussed
as if it was a particular e+e− antenna. A similar idea
was put forward in relation to multiphoton processes in
atoms [20, 21, 22], where it was called atomic antenna,
or rescattering mechanism. Its validity was confirmed
experimentally, see e.g. [23, 24] and references therein.
Consider a linearly polarized laser field, which propa-
gates along the z-axis with electric and magnetic fields
stretched along the x and y axes. Describe this field
by the vector-potential eA(ϕ) = −mξ (sinϕ, 0, 0), where
ϕ = ω(t− z), ω is the laser frequency, ξ = eE/mω is an
adiabatic parameter, e > 0 and m are the absolute value
of the electron charge and electron mass (~ = c). Con-
sider the tunneling regime presuming that the laser field
is strong, though below the critical value Ec = m
2/e, and
ω is low
F ≡ E/Ec = eE/m2 ≪ 1, ξ = eE/mω ≫ 1 . (1)
We will base our discussion on the differential rate of the
e+e− production dWe+e− found in [12]
dWe+e− =B exp
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Here the states of the positron and electron are de-
scribed by momenta, which in the Cartesian coordinates
read p± = (k±, κ±, q±). The subscripts ± mark vari-
2ables of the positron and electron. It is useful to ex-
press the longitudinal components of momenta q± =
(m2+k2±+κ
2
±− η2±)/(2η±) via the variables η±. The η±
variables have mean values η¯ = m/
√
2 [12], deviations
from them are called δη± = η± − η¯. The convenience of
η± prompts one to use the definition d
3p± ≡ dk±dκ±dη±
for integrations over momenta. The constant B in Eq.(2)
was calculated in [12]. Integrating Eq.(2) with this con-
stant one reproduces the rate of the e+e− production
We+e− =
Z2α2m√
2 pi
( F
2
√
3
)3
exp
(
− 2
√
3
F
)
. (4)
Here Z is the charge of the nucleus, α = e2 ≃ 1/137.
Eq.(4) complies with the results obtained previously (see
[11, 12] for discussion and references), which confirms the
validity of Eq.(2).
Eqs.(2),(3) show that the momenta distribution of
the e+e− pair has a maximum when p+ = p− =(
0, 0,m/(2
√
2)
)
. Deviations of momenta from these val-
ues are small, proportional to
√
F m≪ m. An important
exception is the case when momenta of both leptons sat-
isfy
k+ + k− = 0 , κ± = δη± = 0 . (5)
Then only the first term in Eq.(3) is present. A large
factor ξ2 in its denominator makes possible relatively
large variations of momenta |δ(k+ − k−)| = 2|δk−|,
|δk−| ∼ ξ
√Fm ≫ √F m. Consequently, we find that
the integration in Eq.(2) is saturated in the close vicinity
of the region, where momenta satisfy Eq.(5). We derive
a simple and important conclusion that leptons are pre-
dominantly created with momenta which satisfy Eq.(5).
An e+e− pair is initially created in the close vicinity of
the nucleus r ≤ m−1 [12]. However, after a short period
of time the leptons e+ and e− go away from the Coulomb
center into the region where the laser field is stronger
than the Coulomb one. Further propagation of leptons is
guided mostly by the laser field. The semiclassical nature
of this field allows one to base analysis on the classical
trajectories of leptons r = r(ϕ), which can be written in
a simple form (compare e.g. [25])
r(ϕ) =
1
ωη
∫ ϕ
0
P(ϕ′) dϕ′ . (6)
Here P(ϕ) = (K(ϕ), κ,Q(ϕ)) is the instant momentum,
K(ϕ) = k ∓ eA(ϕ) , (7)
Q(ϕ) = (m2 +K2(ϕ) + κ2 − η2)/(2η) . (8)
The instant energy of a lepton is ε(ϕ) = Q(ϕ) + η. In
Eqs.(6)-(8) the subscripts ± are suppressed, the upper
(lower) sign in Eq.(7) corresponds to the case of positron
(electron). One can anticipate that the e+e− pair is cre-
ated at the moment of time when the laser field is the
strongest, i.e. at t = 0 or t = pi/ω. Detailed calcula-
tions, see e.g. [12], support this expectation. Without
loss of generality we can presume that the pair is created
at t = 0; we also assume that the nucleus is located at the
origin. This implies the initial condition r±(0) = 0. Ad-
ditionally, the initial momenta of the created pair should
satisfy P±(0) = p±. These initial conditions are ac-
counted for in Eqs.(6)-(8) by the chosen constants of in-
tegration.
We know that leptons of an e+e− pair are predomi-
nantly created with momenta, which satisfy Eq.(5). Let
us examine a possibility of their collision in this case.
Eq.(5) implies that trajectories of leptons are character-
ized by one parameter, which can be taken as the x-
component of the electron momentum k ≡ k−. Other
components of momenta are p± = (∓k, 0, q), where
q = (m2 + k2 − η¯2)/(2η¯) and η± = η¯ ≡ m/
√
2. Us-
ing these facts and Eqs.(7),(8) one finds that the longi-
tudinal momenta and energies of both leptons are equal,
P+(ϕ) = P−(ϕ), ε+(ϕ) = ε−(ϕ). Eq.(6) ensures then
that the z-components of the radius-vectors of leptons
are same for any ϕ, while the y-components remain zero,
y+(ϕ) = y−(ϕ) = 0 , z+(ϕ) = z−(ϕ) . (9)
Thus, the only condition, which needs to be satisfied
to ensure that the collision takes place is given by the
x-components of coordinates, x+(ϕ) = x−(ϕ). Using
Eqs.(6),(7) one rewrites it as an equation on ϕ
k = − 1
ϕ
∫ ϕ
0
eA(ϕ′) dϕ′ = mξ
1− cosϕ
ϕ
. (10)
Here k = k−, ϕ = ω(t−z) with t > 0 and z < t, which im-
plies ϕ > 0. Eq.(10) shows that for k = 0 an infinite num-
ber of collisions with ϕ = 2pin, n = 1, 2, . . . are possible;
with the increase of k the number of possible collisions
decreases; collisions do not take place when either k >
0.725mξ, or k < 0, where 0.725 = max
(
(1− cosϕ)/ϕ).
We conclude that if momenta of leptons satisfy Eq.(5)
then the leptons definitely collide provided 0 ≤ k ≤
0.725mξ. The total instant energy ε(ϕ) = 2ε−(ϕ) of
colliding leptons equals
ε(ϕ) =
√
2m
[
ξ2
(
(1 − cosϕ)/ϕ− sinϕ)2 + 3/2 ] . (11)
We take into account here that ε−(ϕ) = Q−(ϕ) + η¯, use
Eq.(8), and express k via ϕ using Eq.(10). We see that
at the moment of collision the energy of the pair can be
high, ε(ϕ) ∝ ξ2m ≫ m. The highest energy ε(ϕ) =
2.21 ξ2m is reached when ϕ = 1.409 pi and k = 0.290mξ.
For k = 0 collisions take place at much lower energy
ε(2pin) = 3m/
√
2.
Let us find the rate Wc with which the collision events
take place. With this purpose we need to multiply
the e+e− creation probability by a factor f , which ac-
counts for the fact that the pair would eventually collide,
dWc = f dWe+e− . Clearly, f is proportional to the cross
section σ˜ of a collision process considered. At the mo-
ment of collision the impact parameter b of the e+e− pair
is small, b2 ∼ σ˜. One deduces from this that the neces-
sary factor reads f = σ˜δ(2)(b), which can also be con-
veniently rewritten as f =
∫∞
0
σ˜ v δ
(
r+(ϕ) − r−(ϕ)
)
dt.
3Here v = |v| = |v+ − v−| is the collision velocity of
the e+e− pair, a two-dimensional vector b, which is or-
thogonal to the collision velocity, v ·b = 0, represents an
impact parameter for the e+e− collision. The integration
over the moment of time of collision t is introduced in f
to simplify calculations. Calculating Wc =
∫
f dWe+e−
using Eq.(2) one can integrate over electron momenta
d3p− with the help of the delta-function from f , which
gives the determinant det
(
∂p−/∂r−
)
. It is convenient to
rewrite the integral over dt in terms of integration over
the electron momentum dk−, which brings in the factor
∂t/∂k−. This determinant and derivative are calculated
directly from the classical trajectory Eqs.(6)-(8). The
final result reads
Wc = B
∫
exp
(
− 2
√
3
F
A¯
m2
)
σ εmw
(t− z)2 v
d3p+dk−
(2pi)6
. (12)
Here t = t(ϕ) and z = z(ϕ) are the moment of time and
z-coordinate of e+e− collision, ε = ε(ϕ) is the instant en-
ergy of the e+e− pair at the moment of collision, σ is the
cross section in the center of mass reference frame. The
transition from the cross section in the laboratory refer-
ence frame σ˜ to σ prompts the appearance of a modified
velocity w = [v2 − (v+ × v−)2]1/2, see e.g. [25].
The integration in Eq.(12) runs over all possible mo-
menta that lead to a collision. This includes any configu-
ration of momenta, which satisfy Eqs.(5),(10). Moreover,
using the classical trajectories Eq.(6)-(8) it it easy to ver-
ify that if electron and positron momenta are close to a
configuration specified by these equations (which is very
probable, as Eqs.(2) shows), then a collision can defi-
nitely take place provided the momenta of the e+e− pair
satisfy
κ− = κ+ , δη− = δη+ . (13)
The factor A¯ in Eq.(12) equals A in Eq.(3) evaluated
for these particular momenta. This discussion ensures
that there is no additional suppression in the integral
over d3p+dk− in Eq.(12), compared to the integral over
same four variables in Eq.(2). Both these integrals are
saturated in approximately same integration volume. As
a result, we can find an estimate for the ratio R of the
number of collisions of e+e− pairs to the total number of
created e+e− pairs simply by comparing the integrands
in Eqs.(2),(12) for this 4D integration
R =
Wc
We+e−
≈ σ εmw
(t− z)2 v
1
Fm2 ≈
σ ωm
ξ
. (14)
The factor Fm2 in the denominator of the middle ex-
pression here arises from an integration over κ− and η−
in Eq.(2). The last equality in Eq.(14) takes into account
that t ∼ z ∼ ξ2/ω, t− z ∼ 1/ω, as Eqs.(6)-(7) show, and
that according to Eq.(11) ε ∼ ξ2m, which also implies
w ≃ v ≃ 1. In Eq.(14) σ describes a collision process
considered, see examples in (16)-(18) below.
A simple estimation R0 for a relative number of
e+e− collisions compares σ with a distance z to the point
of collision, giving R0 = σ/z
2 ≈ σω2/ξ4, which is much
smaller than Eq.(14) is predicting. Thus, Eq.(14) shows
that there exists a large enhancing factor K, which makes
collisions more probable
R ≈ KR0 , K = ξ4/F ≫ 1 . (15)
An analysis of Eq.(14) reveals two physical reasons,
which combine to produce the enhancement. Eq.(2) en-
sures that momenta of the leptons created are necessarily
close to a configuration given by Eq.(5), in which case a
collision is almost imminent (since the necessary addi-
tional condition Eq.(10) is satisfied very easily). There is
also a relativistic factor, which arises due to stretching of
lepton trajectories along the z-axis that makes collisions
of electrons and positron even more probable.
Collisions of e+e− pairs bring interesting implications.
First of all there are quasielastic collisions
e+ + e− → e′+ + e′ − . (16)
Any collision process of this type takes only a small frac-
tion of the period of laser oscillations. Therefore the
conservation laws in a collision process are applied to
the instant energy and instant momentum. A redistri-
bution of these quantities in the reaction (16) may lead
to a strong increase of a lepton quasienergy ε¯±, which is
defined as the energy averaged over the period of laser
oscillation, ε¯± =
∫ 2pi
0 ε±(ϕ) dϕ/(2pi). To illustrate this
statement assume that the momenta of a pair of lep-
tons satisfy Eq.(5). Then using kinematics arguments
one finds that the quasienergy of the lepton in the fi-
nal state can be as large as ε¯′± = ε(ϕ) + ξ
2k2/(
√
2m).
Here ε(ϕ) is the instant energy of the initially created
e+e− pair. The term ∝ ξ2k2 in the quasienergy can be-
come parametrically large provided the frequency of the
laser field is sufficiently low ω ≪ (E/Ec)3/2m. However,
even if this condition is not satisfied, the increase of the
quasienergy of the lepton can be quite sizable because
the instant energy can be higher than the quasienergy.
There are also inelastic collisions. An important ex-
ample is the creation of γ-quanta
e+ + e− → 2 γ . (17)
The energy and momentum of photons created in this
reaction equal the instant energy and momentum of the
e+e− pair at the moment of collision, which can be large
prompting the energy of γ-quanta to be large as well.
Eq.(11) shows that the highest possible instant energy of
the pair is ε(ϕ) = 2.21ξ2m, which gives the upper limit
for the energy of each photon εγ,max = 1.10 ξ
2m.
It is important that (17) provides the most probable
way for production of high-energy photons by a laser and
Coulomb fields. Indeed, the high-energy photons cannot
be produced in the region of small distances. Their pro-
duction there can be considered as an effective addition
to the mass of leptons, m → m + δm, which inevitably
results in exponential decrease of the probability Eq.(4).
4The high-energy γ-quanta also cannot be produced dur-
ing propagation of a lepton in the laser field. The adia-
batic nature of this propagation ensures exponential sup-
pression of this process. In contrast, the photon yield
through reaction (17) is relatively large, as Eq.(14) shows.
Another interesting example is the creation of heavy
particles, for example muons in the process
ε+ + e− → µ+ + µ−. (18)
To make this process possible the instant energy of the
e+e− pair in the center of mass reference frame should
exceed the threshold of the µ+µ− production. The lat-
ter is given by the minimum of the instant energy of
muons, which equals 2mµ. From Eqs.(10)-(11) one de-
duces that the center of mass instant energy of the
e+e− pair is εscm(ϕ) = 2(m
2 + k2)1/2, which is reduced
to 2k provided k ≫ m. Thus the threshold condition for
µ+µ− production restricts k from below k ≥ mµ. At the
same time Eqs.(2),(3) restrict it from above, k . mξ
√
F .
Combining both conditions, one concludes that the muon
production via collisions of e+e− pairs is probable pro-
vided mµ/m . ξ
√F . This condition can be understood
as a restriction on the laser frequency
ω . (E/Ec)
3/2m2/mµ ≪ m . (19)
Energy absorbed from the laser field when the e+e− pair
is initially created is typically ε ≃ ξ2m/√2 [12]. Mean-
while, the energy of particles in the final state of all
phenomena considered in (16)-(18) can be significantly
higher. Thus, collisions of leptons of the e+e− pair re-
sult in additional absorption of energy from the field.
This fact reminds us again that in the processes dis-
cussed the e+e− pair acts as an antenna. We verified
that it can efficiently accumulate high energy from a
laser field and then transfer it to other particles. As
a result, creation of muons and high-energy photons be-
comes possible, which is notable since their production
through the conventional mechanism is suppressed ex-
ponentially. The e+e− antenna removes this exponen-
tial suppression, making creation of high-energy particles
much more probable.
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